We study the universality class of the fixed points of the 2D random bond q-state Potts model by means of numerical transfer matrix methods. In particular, we determine the critical exponents associated with the fixed point on the Nishimori line. Precise measurements show that the universality class of this fixed point is inconsistent with percolation on Potts clusters for q = 2, corresponding to the Ising model, and q = 3.
Introduction
During the last decade, the study of disordered systems has attracted much interest. This is true in particular in two dimensions, where the possible types of critical behavior for the corresponding pure models can be classified using conformal field theory [1] . Recently, similar classification issues for disordered models have been addressed through the study of random matrix ensembles [2] , but many fundamental questions remain open.
An important category of 2D disordered systems is given by models where the disorder couples to the local energy density (random Potts models). Here we shall study such models that interpolate between ferromagnetic random bond disorder, and a stronger ±J type disorder. Our main focus shall be on the cases with q = 2 (Ising) or q = 3 states.
Phase Diagram
The Ising model on a square lattice is one of the most popular twodimensional systems. It is specified by the energy of a spin configuration
where the sum is over all bonds and the coupling constants J ij are bond dependent. Different distributions of disorder can be considered. The most common ones are the J ij = ±1 and the Gaussian distribution of disorder. In this work we will study in particular the J ij = ±1 RandomBond Ising Model (RBIM) with the following probability distribution:
The topology of the phase diagram of the RBIM depends crucially on the type of disorder one considers. An instructive example is provided by a disorder having only two possible values for the bonds with equal signs and probabilities. It is by now well established [3] that the only non-trivial fixed points are located at the extrema of the boundary of the ferromagnetic phase, corresponding to the pure Ising fixed point and a zero temperature fixed point which turns out to be in the percolation universality class. When the distribution contains also bonds with different signs (like in (2)), the situation is more subtle. In particular, it is known since the work of McMillan [4] that there exists an unstable fixed point at finite temperature and a finite value of disorder p c and another fixed point at zero temperature and a value of disorder p ≃ p c (McMillan obtained these results with a Gaussian distribution of disorder). Thus for the Phase diagram of the two-dimensional ±J random-bond Ising (a) and q > 2 Potts (b) models. Note the additional ferromagnetic fixed point F in the Potts model (b).
RBIM, one expects three fixed points (see Fig. 1a ): i) the fixed point corresponding to the case without disorder. Close to this point, one expects that the physics is just described by the usual perturbation of the Ising model with weak disorder [5, 6, 7, 8] , i.e. one flows back to the model without disorder. ii) A random fixed point N at finite temperature and a finite value of disorder. Describing this unstable fixed point is the main purpose of this work. Since this fixed point is unstable under two parameters (temperature and disorder) it is very difficult to study numerically. We will come back to this point later. iii) Finally, there is a third fixed point at zero temperature but non-vanishing disorder. The universality class of this last fixed point is also unknown at present.
For the more general case of the random q-state Potts model (RBPM) with q > 2, the situation is slightly more complicated. We define this model by
where S i = 1, 2, . . . , q, and δ (q) (x) = 1 if x = 0 mod q and zero otherwise. The randomness now takes the form of a local "twist" J ij , which is clearly a more severe type of disorder than simple bond randomness. The variables J ij are taken from the distribution
with 0 ≤ p ≤ 1/(q − 1) controlling the strength of the randomness. We shall refer to this model, which was originally introduced in Ref. [9] , as the Potts Gauge Glass (PGG). The particular form of the randomness ensures the existence of a Nishimori line (see below). For q = 2, the PGG reduces to the RBIM, and for p = 1/q it was studied analytically in [10] . The PGG is also connected to the RBPM: When q > 2 the pure Potts model (p = 0) should be unstable to a small amount of randomness, meaning that the renormalization group (RG) flow cannot be as indicated in Fig. 1a . Indeed, the existence of a new fixed point F between the pure and random fixed points (see open circle in Fig. 1b ) is now well established analytically [8, 11] and numerically for q = 3 [12] . If (q − 2), and hence the value of p at F, is sufficiently small, frustration effects are negligible, and we should flow to the same random fixed point for any kind of randomness. For reasons of continuity we expect this argument to hold true also for higher values of q [3] .
As mentioned above, a numerical study of the random fixed point N at finite temperature and finite disorder is a difficult task since it is unstable in both of its parameters. Fortunately, for a certain class of probability distributions, Nishimori has shown that a so-called 'Nishimori' line exists where many properties can be calculated exactly [13] . For the RBIM with the probability distribution (2), this line is given by
with β = 1/T . On the Nishimori line, the internal energy can be calculated exactly and an upper bound can be given for the specific heat. Also of interest is an equality of the moments of the spin correlation functions (see below). Nishimori has further proved inequalities for the correlation functions which yield important constraints on the topology of the phase diagram which is shown in Fig. 1a for the ±J RBIM. Since the Nishimori line is also invariant under Renormalization Group (RG) transformations [14] , the intersection of the Nishimori line and the FerroPara transition line must be a fixed point which is identified with the random fixed point N . This so-called Nishimori point corresponds to a new universality class. The full line in the phase diagram Fig. 1a is the phase boundary between the ferromagnetic and paramagnetic regions. In two dimensions and at zero temperature, the RBIM has a phase with spin glass correlations [15] . The three non-trivial fixed points along the full line are the pure Ising fixed point, the Nishimori point N at the crossing with the Nishimori line (dotted line) and the zero temperature point whose properties are still mostly unknown. For the q-state random Potts model with q > 2, a Nishimori line can also be obtained [9] . Reexpressing the disorder distribution as
the Nishimori line is given by the condition K = β which generalizes (5) to q > 2. We refer to [16] for more details.
Note that the existence of a random fixed point is not related to the existence of a Nishimori line. One could have chosen a distribution of disorder for which no Nishimori line exist, still a random fixed point would exist. This was observed for instance by Sørensen et al. [12] for the q = 3 random bond Potts model with a distribution of disorder different from (4) . The main advantage of the Nishimori line is that it allows to locate the random fixed point while scanning only one parameter.
Over the last years, many numerical and analytical efforts have been made in order to identify the universality class of the Nishimori point. There is a long list of numerical results [4, 17, 18, 19, 20, 21] with values for the critical exponents that are very close to those of percolation
Results
We now turn to our numerical results. These were obtained by extensive numerical transfer-matrix calculations of the Nishimori point with the binary bond distribution (2) for q = 2 and with the distribution (4) for q = 3 on the square lattice.
The first set of results is based on measurements of the effective central charge, which is a very efficient way to locate a fixed point. The effective central charge c is obtained as the universal coefficient of the finite-size correction to the free energy per site for periodic boundary conditions [22] 
We first turn our attention to the determination of the properties of the weak random point for q = 3. The finite-size estimates for the effective central charge increase along the massless RG flows and approach the fixed point values for L → ∞. Note that this does not contradict Zamolodchikov's c-theorem [23] since the present theories are not unitary. The Ferro-Para boundary (cf. Fig. 1b) can be traced by identifying the maximum of the finite-size estimates of c as a function of T , for various fixed values of p.
Since the randomness is strong, and since the fits to (7) must be based on at least two different sizes L to eliminate the non-universal quantity f (p) ∞ , we have taken several precautions [16] in order to obtain small error bars on the f 
which compares favorably with the perturbative result c pert = 0.8026 + O (q − 2) 5 [8, 11] for the q = 3 RBPM. The next result is the numerical location of the Nishimori point along the Nishimori line [24] . Again, this can be done by measuring c along the Nishimori line. For the q = 2 case, we have used the domain-wall free energy [4] to locate the critical concentration of disorder p c since it provides a better precision. For a strip of width L the domain-wall free energy d L is defined as (omitting a factor of β)
where
L is the free energy per site of a strip of width L with periodic boundary conditions and f
(a)
L the corresponding one with antiperiodic boundary conditions. d L is an observable which can be used directly to study the RG flow under scale transformations. In particular, it is constant at a fixed point.
We have computed f
LN employing a standard transfer matrix technique with sparse matrix factorization (see, e.g., [25] ) on strips of length N = 10 6 . Again, special tricks are used to reduce fluctuations [24] . We used around 1000 to 4000 samples of L × 10 6 strips to obtain sufficiently small error bars for L ≤ 12.
The inset of 
This estimate improves upon the accuracy of earlier estimates [17, 18, 20, 21] . It agrees perfectly with the transfer matrix computations [17, 21] , in particular a very recent one [26] , while we find a slightly smaller value of p c than [18, 20] .
One an also extract the value of ν from (9). We obtained ν ≈ 1.33 [24] . Merz and Chalker [26] were able to go to much larger strip widths and obtained the probably more accurate result ν ≈ 1.50. While our estimate was compatible with the value for percolation ν = 4/3 [27] , the one of [26] is not. L exactly by (7) ignoring further corrections in which case the data for the smallest values of L should not be used. Or one includes a correction term of the form L −4 which improves the convergence with system size. These two approaches yield consistent estimates for a given p. In addition, one can test that the result does not change significantly if other higher-order corrections are added. It should also be noted that the sensitivity of the estimates for c with respect to the location of p c is negligible in comparison with the errors coming from the finite-size analysis. The final result is that the following is a safe estimate for c at the Nishimori point of the ±J RBIM:
This should be compared to the value for percolation over Ising clusters c = ≈ 0.4777 [3] . Even if our result (11) is close to this value, it appears safe to conclude that the Nishimori point is not in the universality class of percolation, at least not the one expected from Ising clusters.
The situation seems rather different for the case q = 3. In that case, the numerical location of the Nishimori point was only made by measuring c along the Nishimori line and determining the point for which one obtains a maximum. We find [16] a fixed point N at p N = 0.0785(10) with a central charge estimate
This is in remarkable agreement with the value of the central charge for the percolation limit in the q = 3 RBPM: c = ≈ 0.7571 [3] . Below we shall return to the question whether the Nishimori point is "just" percolation. We should also mention that for the case q = 3 the error bars have been obtained by extrapolating the data assuming that for each fit the relative deviation from the infinite-size result is the same as in the pure model. Taking a more conservative approach as we have done for the case q = 2 would produce larger error bars, but the conclusion would remain the same.
Another important quantity is the magnetic exponent η. This exponent can be measured, for example, by computing spin-spin correlation functions. As mentioned earlier, along the Nishimori line the moments of these correlation functions are equal two by two (for q = 2):
for any integer k. Here [· · ·] stands for the average over the disorder. Assume now that the correlation functions (13) decay algebraically on a plane and define by x, y the coordinates on the infinite cylinder of circumference L, with x ∈ [1, L] and y ∈] − ∞, +∞[. Using a conformal mapping, one infers then the following behavior of the correlation functions on the cylinder:
For a pure system, one has η n = n × η. On the other hand, in the case of percolation over Ising clusters, the moments of spin correlation functions are all equal, whence all η n = η at the critical point.
In order to verify this we have calculated the spin-spin correlation functions on cylinders of width L and length 400×L, (i.e. with the length ≫ L) for L up to 20. We have checked that for width L = 12, lattice and finite length corrections are of order 1%. One example of these correlation functions can be seen in Fig. 3 (for q = 2 with x 1 = y = 0 and x 2 = x) on a doubly logarithmic scale. One observes that the correlation functions nicely obey the power law (14) , thus verifying both the correct location of the critical point as well as the functional form of the spin-spin correlation function in a finite strip.
We can then fit the exponents by studying the dependence with distance of the correlation functions (14) or by studying the dependence with L for the fixed location x = L/2. The first method has proven to give smaller error bars and we obtain for the family of exponents η n for p c = 0.1095 and L = 20:
with relative errors at most of the order of 1%. One immediately notices two things:
i) The value for η 1 differs considerably from the value of percolation η = 5/24 ≈ 0.2083 (see, e.g., [27] ), ii) the exponents for higher moments are also considerably different from η 1 which is also clear from inspection of Fig. 3 .
We have also calculated estimates for the exponents assuming different values for p c , namely, p c = 0.109 and 0.110 and the results are still distinct from the ones of percolation (we obtain η 1 = 0.180(1) for p = 0.109 and η 1 = 0.190(1) for p = 0.110). Moreover, it is only in the region very close to p = 0.1095 that we obtain a stable estimate for η 1 as we increase the width L of the lattices. One can then conclude from the exponents controlling the algebraic decay of the correlation functions that the Nishimori point is not in the percolation universality class.
The same measurements were also performed in the case of q = 3, for which case the largest system size employed was L = 12. Performing the same fit of the data, we obtain the following exponents for p = 0.080 
the corresponding values for p = 0.079 being some 6% smaller. Although our value of η 1 is now consistent with percolation, this scenario can be excluded by considering the higher moments.
Conclusions
In conclusion, we have studied the ±J random-bond Ising model as well as a q-state (Potts-like) generalization that allows for the definition of a Nishimori line. Both models possess a strong disorder fixed point with multiscaling exponents different from those of percolation, whereas a weak disorder fixed point that coincides with that of the wellstudied random-bond Potts model is also present in the latter model. In both cases, the effective central charge at N is remarkably close to the percolation value c = 5 √ 3 ln q
